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Exercise 1.1

Part 1
For any n ∈ N, we set fn := 1[n,n+1].

1. Show that for any x ∈ R+, limn→+∞ fn(x) = 0

2. Show that for any n ∈ N, we have
∫
R+
fn(x)dx = 1

Part 2
We will show that the sequence (fn)n∈N does not satisfy the following prop-
erty: there exist a non-negative function g ∈ L1(R+) such that

a.e. x ∈ R+, ∀n ∈ N, |fn(x)| ≤ g(x). (1)

1. Show that for any x ∈ R+

sup
n∈N
{|fn(x)|} = 1.

2. Show that, if a measurable function g : R+ → R satisfying (6), then
g /∈ L1(R+).

Exercise 1.2 (The Fourier transform of complex Gaussians)

We recall that the Fourier transform f̂ of a function f ∈ L1(Rd) is given for
any ξ ∈ Rd by the following formula

f̂(ξ) :=
1

(2π)
d
2

∫
Rd

e−ix·ξf(x)dx

Let a ∈ C such that Re(a) > 0. The goal of this exercise is to show that

∀x ∈ Rd,
1

(2π)
d
2

∫
Rd

e−ix·ξe−
|x|2
2a dx = a

d
2 e−

a
2
|ξ|2 (2)

Part 1
For any x ∈ R, we define h(x) := e−

x2

2a . We assume that h ∈ S (Rd).

1. Show that h′(x) = −x
ah(x).

2. Show that h′ ∈ L1(R) and that ĥ′(ξ) = iξĥ(ξ).
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3. Show that ĥ′(ξ) = −ix̂h(ξ).

4. Recall that ∫
R
h(x)dx =

√
2aπ.

Show that ĥ(0) =
√
a.

5. Deduce that ĥ is the solution of the following Cauchy problem{
ĥ′(ξ) = −aξĥ(ξ) in R,
ĥ(0) =

√
a.

(3)

6. Deduce from the Cauchy-Lipschitz theorem that, for any ξ ∈ R

ĥ(ξ) =
√
ae−

a
2
ξ2 .

Part 2 By remarking that for any x = (x1, . . . , xd) ∈ Rd we have

e−
|x|2
2a =

d∏
j=1

h(xj),

show Formula (7).

Exercise 1.3 (The heat equation)

Let u0 ∈ S (Rd). For any t ≥ 0 and ξ ∈ Rd, we set

u(t, x) :=
1

(2π)
d
2

∫
Rd

eix·ξe−t|ξ|
2
û0(ξ)dξ.

Part 1

1. Show that for any (t, x) ∈ (0,+∞)× Rd, we have

∂tu(t, x) :=
1

(2π)
d
2

∫
Rd

(−|ξ|2)eix·ξe−t|ξ|2 û0(ξ)dξ.

2. Show that u ∈ C∞((0,+∞)× Rd).

3. Show that ∂tu−∆u = 0 in (0,+∞)× Rd.

Part 2
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1. Show that (t, x) ∈ (0,+∞)× Rd,

1

(2π)
d
2

∫
Rd

eix·ξe−t|ξ|
2
û0(ξ)dξ =

1

(4πt)
d
2

∫
Rd

e−
|x−y|2

4t u0(y)dy.

2. Show that limt→0+ u(t, x) = u0(x).

3. Deduce that for any x ∈ Rd, we have u(0, x) = u0(x).

Part 3
Show that, for any f ∈ S (Rd), we have

f(x) =
1

(2π)
d
2

∫
Rd

eix·ξ f̂(ξ)dξ.

Homework (hand in on 22.01.2025).

Exercise 1.4 (The generalised Leibniz rule)

For multiindeces α, β ∈ Nd, we declare that β ≤ α if βj ≤ αj for all j =
1, . . . , d. Denote by (

α
β

)
=

d∏
j=1

(
αj
βj

)
.

Prove the generalised Leibniz formula for f, g ∈ C |α|(Rd)

∂α(fg) =
∑
β≤α

(
α
β

)
(∂βf)(∂α−βg).

Exercise 1.5 (The Schrödinger equation)

Let u0 ∈ S (Rd). For any (t, x) ∈ R× Rd we set

u(t, x) :=
1

(2π)
d
2

∫
Rd

eix·ξeit|ξ|
2
û0(ξ)dξ.

a) Show that u ∈ C∞(R× Rd).

b) Show that u solves the Schrödinger equation{
∂tu+ i∆u = 0, in R× Rd,
limt→0 u(t, x) = u0(x), in Rd. (4)

(Hint: Use Exercise 1.3 Part 3 to show that u(0, x) = u0(x).)
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Exercise 1.6 (The wave equation)

Let u0 and u1 in S (Rd). For any (t, x) ∈ R× Rd we set

u(t, x) :=
1

(2π)
d
2

∫
Rd

eix·ξ cos(t|ξ|)û0(ξ)dξ +
1

(2π)
d
2

∫
Rd

eix·ξ
sin(t|ξ|)
|ξ|

û1(ξ)dξ.

1. Show that u ∈ C∞(R× Rd).

2. Show that u solves the wave equation{
∂2t u−∆u = 0, in R× Rd,
limt→0 u(t, x) = u0(x) and limt→0 ∂tu(t, x) = u1(x), in Rd.

(5)


