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Exercise 1.1

Let f and g in .(R%) and P be a polynomial function. Show the following
properties

e fge S (RY),
e Pfe 7 (RY).

Exercise 1.2 (Transport equation)
Let up € . (R?) and v € R%.
1. Let us set for any (t,&) € R x RY, ®(t, &) := V¢, (€).

(a) Show that for any t € R, ®(¢,-) € .#(R9).

(b) Show that the function u : (¢,z) € RxR? s u(t, x) := F~1(®(¢,-)) ()
satisfies
{@u—v-w:o in R x R?,

u(0,-) = up in R%

2. Using the Fourier inversion formula, find ¢ : R x R® — R such that for
any (t,x) € R x R, we have u(t, ) = ug(p(t, x)).

3. Let p € [1,+00]. Show that
VteR, u(t,)|lr = lluollLe-

Exercise 1.3 (Generalized Holder estimate)

Let p, ¢ and r in [1, 00] such that

Let f € LP(R?) and g € L9(R%). The goal of this exercise is to show that

gl <l fllzellgliza. (1)
1. Show (1) for r = occ.

2. Assume that r # oo. Deduce (1) from the standard Holder estimate
(which correspond to the case r = 1).
Hint: use that r/p+1r/q = 1.
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Exercise 1.4 (Young estimate)

Let p, ¢ and r in [1, 00] such that
1 1 1
-+ -=1+-.
p q r
Let f € LP(R?) and g € LI(R?). The goal of this exercise is to show that
fxg e L"(RY), with
1f % gl < I fllzellgllza- (2)
1. Assume that r = co. Show that (2) holds.

2. Assume that p = ¢ = 1. Show that (2) holds.
3. Assume that p = 1.
(a) Show that

q
([ 1= ullatwias) < sl lat @IF1E"
Hint: Remark that |f(z —y)llg(y)| = [f(@ —y)[' "1 (@ = y)[7]g(v).
(b) Deduce from 2. that
1f > gllze < fllLrllglle-
4. Assume that p, ¢ and r belong to |1, oco].

(a) Let p1, p2 and ps in [1, 0o] such that p%—kp%—i—p% = land u € LP*(RY),
v € LP?(RY) and w € LP3(R?). Show that

lwvwl[zr < flull o [0]l oz [[wl]| £rs

(b) Show that |F(z—y)llg(v)| = £ e—0) "/ lg(w)| "] e—9)|' =/ )=/
(¢) Conclude.

Exercise 1.5 (Minkowski estimate)
Let p € [1,00] and g, f € LP(R?). The goal is to show that
1f +glle < 1 fllze + llgllze- (3)
1. Show (3) for p = 0o and p = 1.
2. Assume that p €]1, 00].
(a) Show that
() + g(2)” < [f(@)]If (@) + g(@)[P~" + lg()||f () + g(2)P~".
(b) Show that

| @lis @)+ @)= de < 170 1 + 9lF

(¢) Deduce (3).
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Exercise 1.6 (Chebyshev estimate)
Let p € [1,00[. Show that

1
YA >0, / 1 5>0dr < V“f”ip
Rd

Homework (hand in on 12.02.2025).

Exercise 1.7 (Interpolation estimate)

Let p and q in [1, 00] such that p < ¢. Show that if f € LP(R?) N L9(R%), then
f € L"(R?) for every r € [p,q].

Hint: Use that if r € [p,q|, then there exists 6 € [0,1] such that 1/r = 0/p +
(1—6)/q and show that ||f|| - < [If1 2.1 17"

Exercise 1.8

Let f, g and h in .#(R%). Show the following properties
o frg=gxf,
o« frlg+h)=Frg+[rh,
o (fxg)xh=[fx(gxh)

Exercise 1.9 (Wave equation and finite propagation speed)

Let us consider a real valued function u : [0, +00[xR? — R. solution of the

wave equation.
OPu— Au=0 in]0,+oo[xR%.

Assume that
(H1) u € 62(]0, +oo[xR?);

(H2) there exists R > 0, such that u(0,-) and 0;u(0,-) vanish on B(0, R) :=
{x e R¢| |z| < R}.

The goal of this exercise is to show that

u=0 in K(R) :={(t,z) € [0, +oo[xR? | || < R —t}.
Part 1
For any ¢ > 0 and (¢,2) € [0, +0o[xR9, we set

we(t,x) == R— (t++/|z|]?> + ¢).
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1. Sow that for any ¢ € [0, +o0o[ and s > 0, the following quantity

1
7/ er@s(t,I)ﬂatu(t’ J:)|2 4 |Vu(t,x)|2)dl‘7
2 Rd

Ei(t) =
is well-defined.

2. Assume that € > 0.
(a) Show that

iEf = —3/ 625%(|8tu|2—|—|Vu|2)dx—28/ e*%= (V. -Vu)Oudz.
dt Rd Rd

(b) Show that |[Vip.(t, )]~ < 1.

1/2
(Hint: vecall that | Vipe (t, )1~ = sup,cga (S5 1950 (t,2)) ).
(¢) Show that

» / €250 (Vo - V) Oyuda < / 2% (|0ul? + |Vul?)de.
Rd R4

(Hint: use the estimate 2ab < a? + b?)

(d) Deduce that
Vt € [0,4+o00], ES(t) < EZ(0).

3. Deduce from the dominated convergence theorem that

vt € 0,400, E2(t) < EY(0).

4. Deduce from 3. that

Vt € [0,+oc[, lim E%(t) =0.

s—+00
(Hint: use that ¢o(0,z) < 0 when z € B(0, R) and (H2)).

5. Conclude that
V(t,z) € K(R), u(t,z)=0.



