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Exercise 1.1 (Heat equation in Lp (I))

For any t > 0 and f ∈ S (Rd), we define the function et∆f by

et∆f := f ? ht,

where
∀y ∈ Rd, ht(y) :=

1

(4πt)
d
2

e−
|y|2
4t .

1. Let f ∈ S (Rd). What is the Cauchy problem satisfies u : (t, x) ∈
]0,+∞[×Rd 7→ et∆f ∈ R.

2. Let p ∈ [1,∞[ and t > 0. Show that for any q ∈ [p,∞[, et∆ extend to a
continuous operator for Lp(Rd) to Lq(Rd) and that

‖et∆‖L(Lp,Lq) ≤ ‖ht‖
L

1+ 1
q
− 1

p
.

3. Show that for any p ∈ [1,∞[, q ∈ [p,∞[ and t > 0, we have

‖et∆‖L(Lp,Lq) ≤
1

t
d
2 ( 1

p−
1
q )
.

4. Show that for any f ∈ Lp(Rd) with p ∈ [1,∞[, the function u : (t, x) ∈
]0,+∞[×Rd 7→ et∆f ∈ R belong in C∞(]0,+∞[×Rd) and satisfies the
heat equation.

5. Let p ∈ [1,∞[ and f ∈ Lp(Rd). Show that limt→0+ et∆f = f in Lp(Rd).

Exercise 1.2 (Schrödinger equation in L2 (I))

For any t ∈ R and f ∈ S (Rd), we define the function

eit∆f :=
1

(2π)
d
2

∫
Rd

eix·ξeit|ξ|
2

f̂(ξ)dξ.

1. Show that for any t ∈ R the operator eit∆ extends to an operator from
L2(Rd) into itself and that

∀f ∈ L2(Rd), ‖eit∆f‖L2 = ‖f‖L2 .

Homework (hand in on 19.02.2025).

Exercise 1.3 (Schrödinger equation in L2 (II))

Let t and s in R. Show that
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• ei0∆ = IdL2 .

• eit∆ ◦ eis∆ = ei(s+t)∆.

• (eit∆)∗ = e−it∆.


