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Exercise 1.1

Part 1
For any n € N, we set f,, := 1, pq1]-

1. Show that for any = € Ry, lim,,—, 4o fn(z) =0
2. Show that for any n € N, we have [; fo(z)dz =1

Part 2
We will show that the sequence (f,,)nen does not satisfies the following prop-
erty: there exist a non-negative function g € L*(R, ) such that

ae. x € Ry, VneN, |fy(z)] < g(x). (1)

1. Show that for any z € R

sup{|fn(z)[} = 1.
neN

2. Show that, if a measurable function g : Ry — R satisfying (1), then
9 & L'(Ry).

Exercise 1.2 (The Fourier transform of complex Gaussians)

Let a € C such that Re(a) > 0. The goal of this exercise is to show that
d —izg — 2 S e 5l
Vo € RY, e e 20 dr = (2am)2e” 2 (2)
Rd

Part 1 )
For any = € R, we define h(x) := e~ 2a. We assume that h € .7 (R).

1. Show that h'(z) = —Zh(x).
2. Show that &’ € L'(R?) and that A/ (¢) = i€h(€).
3. Show that 7/(¢) = —izh(€).

4. Recall that
/ h(z)dx = V2am.
R

Show that 7(0) = v/a.
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5. Deduce that & is the solution of the following Cauchy problem

W (&) = —agh(¢) in R,
{ h(0) = Va. 3

6. Deduce from that, for any £ € R
h(€) = Vae 3167,

Part 2 By remarking that for any z = (z1,...,24) € R? we have

show Formula (2).

Exercise 1.3 (The heat equation)

Let up € .Z(R?). For any t > 0 and £ € R?, we set

) = g [ e R(de

Part 1
1. Show that for any (¢,z) € (0, +00)xR?, we have dyu(t, z) := [pa(—[¢]?)e™ e tIEP Ty (&) de.
2. Show that u € €°°((0, +00) x RY).
3. Show that du — Au = 0 in (0, +00) x R4
Part 2
1. Show that

1 e tle]2 1 _lz—yl?
Y(t,z) € (0, +00) xR, @) /}Rd i€ t|5|2u0(§)d§ = ° t)g /Rde T uo(y)dy.
t)2

2. Show that lim;_,o+ u(t,z) = up(z).
3. Deduce that for any 2 € RY, we have u(0,z) = ug(z).

Part 3
Show that, for any f € .7 (R%), we have

_ L[ ey
@) = g [ =< Ferae
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Homework (hand in on 21.01.2026).

Exercise 1.4 (The dominated convergence theorem)
For any z € R? and n € N, we set
1 2

fn(z) = a¢ .
(2mn)2

Show that (fy,)nen does not satisfy the conclusion of the dominated conver-
gence theorem. Which hypothesis of the dominated convergence theorem is
not satisfied by (fn)nen?

Exercise 1.5 (The generalised Leibniz rule)

For multiindeces o, 8 € N¢, we declare that § < « if B; < aj for all j =

1,...,d. Denote by
d
ay Q
<5> B H (@‘) '

7=1

Prove the generalised Leibniz formula for f, g € Clo/(R%)

o(fa) = X () @ nieea)

BLa

Exercise 1.6 (The Schrédinger equation)
Let up € Z(R?). For any (t,z) € R x R? we set

1
(2m)

u(t,x) = /Rd ey (&) de.

a) Show that u € €>*(R x RY).

b) Show that u solves the Schrédinger equation

Oyu + iAu = 0, in R x R?, (1)
limy_o u(t, z) = uo(z), in R?,
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Exercise 1.7 (The wave equation)

Let ug and u; in .#(R%). For any (t,2) € R x R? we set

, R 1 e SN ~
) = g [ e con(leDT€a + g [ e T €ac

1. Show that u € (R x RY).
2. Show that u solves the wave equation

O?u — Au =0, in R x R%,
limg o u(t, ) = uo(z) and limg o Opu(t,z) = ui(z), in RZ

()



