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Exercise 1.1 (Heat equation in L? (I))

For any ¢t > 0 and f € .(R?), we define the function 2 f by

where
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Let f € #(RY). What is the Cauchy problem satisfies u : (¢,2) €
10, +oo[xR? 5 etA f € R.

Let p € [1,00[ and ¢ > 0. Show that for any q € [p, oo, e'® extend to a
continuous operator for LP(R%) to L¢(R%) and that
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Show that for any p € [1,00[, g € [p,o0[ and ¢ > 0, we have
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. (Smoothing efect of the heat equation) Show that for any f € LP(R?) with

p € [1,00], the function u : (t,7) €]0, +00[xR? s 2 f € R belongs to
€>(]0, +00[xR%) and satisfies the heat equation.

cise 1.2 (Schrddinger equation in L? (I))

For any t € R and f € .7(R%), we define the function

1.

eitAf = 1 / ei'rgeit\f\zf(g)dg

Show that for any ¢t € R the operator e’** extends to an operator from
L?(R?) into itself and that

VfeLXRY), e fll2 = |fllre.

Homework (hand in on 11.02.2026).

Exercise 1.3 (Heat equation in L? (II))

1.
2.

3.

Let p € [1,00[ and f € LP(R%). Show that lim,_,o+ e/®f = f in LP(RY).

Show that, for any t,s > 0, we have e'® o e*® = (594 in LP(RY) for
p € [1,00].

Show that, for any ¢ > 0, we have (e/2)* = e!® in L?(R%).
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Exercise 1.4 (Schrédinger equation in L? (II))
Let ¢t and s in R. Show that

o 0% =Td;-.
° eitA o eisA — ei(s+t)A in LQ(Rd)

° (eitA)* — e—itA in LQ(Rd)



