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Exercise 1.1 (Multiplication operators I)

For a (possibly unbounded) measurable function ¢ : R¢ — C consider the linear
map M, in L?(R?) defined by

D(M,) = {f € PR of € L*(BY))
(Mg f) () == o(2)f(2).
Part 1: General properties
1. Show that D(M,,) is dense in L*(R?).
2. Show that (M,)* = M.
3. Show that M, is closed.

4. Show that the following property: If ¢ € L°°(R?) then M, is bounded.

Exercise 1.2 (The Shrédinger equation and uniqueness)
For any t € R\ {0} and = € R?, we set
1 ile|?

ki(x) := (47rt)%e T,

1. Let ug € .#’(R%). Show that the maps t € R ~ k; x ug belongs to
C(R; '(R%)) and define a temperate distribution on R x RY. (Hint:
show that for any f € Z(R%), t € R — k; x f belongs to C(R;.#'(R%))
and extends this result by duality.)

In the following, we set u := k % uyg.

2. Show that u satisfies the Schrodinger equation in .#/(R x R?), that is
(10 + A)u =0 in .7 (R x RY).
3. Show that, for any ¢ € .%(R x R?) and ¢t € R\ {0}
t
[ s 00 )05 ) sy
0
= (u0,ip(0, ) 57 (ray, 7 ®a) — (u(t), ip(t, ")) 9 (ra), 7 re)y (1)
4. Let 9 € Z(R?), T > 0 and xr € CZ(R) such that xr(t) = 1 for any

t € [0,T]. We define the function ® by setting for any (¢,£) € R x R%,
BT (1,€) = ¢TI Y()xr (1)
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(a) Show that o7 : (t,2) € R x R? s F~1(®T(¢,€)) belongs to .7 (R x
R?) and satisfies

10T + AT =0 in [0,T] x R%.

(b) Assume that ug = 0. Deduce from (1) that u(T) = 0 in .’(R%).

5. Deduce that for any uy € .#/(R%), the distribution k x ug is the unique
solution of the Schrédinger equation in ./ (R x R?) satisfying (1) for any
pe.S(RxR% andt € R\ {0}.

Exercise 1.3 (Green’s function for the Laplacian)

1. Let g : R — R be the function given by g(z) = %e"w‘ for z € R. Show that
g (more precisely the associated distribution, ¢,) is the unique solution in
Z'(R) to the equation

(1—A)p=1do,

by

(a) the Fourier transform;

(b) using the distributional derivative.

2. Prove that for f € Z(R) the unique solution to the equation

(1-Au=f
u(r) = /g(w —y)f(y)dy.

Remark 1.3.1. The function g is called the fundamental solution or Green’s
function for the equation.

Exercise 1.4 (Example of distributions belonging in H*(R9)
1. Let a € RY. Show that &, € H*(R?) for any s > d/2.
2. Let a,b € R such that a < b. Show that 1j,; € H*(R) for any s < %

3. Why 1,4 ¢ H*(R) for s > 3 ?



